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Abstract. We research the location of the zeros of the Eisenstein series and the modular 
functions from the Hecke type Faber polynomials associated with the normalizers of 
congruence subgroups which are of genus zero and of level at most twelve. 

In Part II, we will observe the location of the zeros of the above functions by numerical 
calculation. 

Key Words and Phrases. Eisenstein series, locating zeros, modular forms. 
' 2000 Mathematics Subject Classification. Primary 11F11; Secondary 11F12. 

(N ' 

H 



in 



o 

oo 
o 



- I - 1 

>< 



Introduction 



The motive of this research is to decide the location of the zeros of modular functions. The Eisenstein 
series and the Hecke type Faber polynomials are the most interesting and important modular forms. 

F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the problem of locating the zeros of the 
Eisenstein series Ek(z) in the standard fundamental domain F (See |RSD| V They proved that all of the 
zeros of Ek(z) in F lie on the unit circle. They also stated towards the end of their study that "This 
method can equally well be applied to Eisenstein series associated with subgroups of the modular group." 
i However, it seems unclear how widely this claim holds. 

' Subsequently, T. Miezaki, H. Nozaki, and the present author considered the same problem for the Fricke 

group Tq{p) (see |Kr] , [Q]), and proved that all of the zeros of the Eisenstein series E^ p {z) in a certain 
fundamental domain lie on a circle whose radius is equal to l/y/p, p = 2, 3 (see }MNSj ). Furthermore, 
we also proved that almost all the zeros of the Eisenstein series in a certain fundamental domain lie on 
circles whose radius are equal to l/y/p or 1/(2^), p = 5, 7 (see }SJ2j ). 

Let r be a discrete subgroup of SL2(R), and let h be the width of T, then we define 



(1) F , r := {z e H; -h/2 < Re(z) < h/2 , \cz + d\ > lforV 7 = elsic^O} 



We have a fundamental domain Fr such that Fo,r C Fr C Fo,r- Let Fr be such a fundamental domain. 

For the modular group SL2(Z) and the Fricke groups ^q(p) {p — 2,3), all the zeros of the Eisenstein 
series for the cusp oo lie on the arcs on the boundary of their certain fundamental domains. 

H. Hahn considered that the location of the zeros of the Eisenstein series for the cusp oo for every 
genus zero Fucksian group T of the first kind with oo as a cusp which satisfies that its hauptmodul Jr 
takes real value on 9Fr, and proved that almost all the zeros of the Eisenstein series for the cusp oo for 
r lie on <9Fr under some more assumption (see [H]). 

Also, T. Asai, M. Kaneko, and H. Ninomiya considered the problem of locating the zeros of modular 
functions F m {z) for SL2(Z) which correspond to the Hecke type Faber polynomial P m , that is, F m (z) — 
Pm{J{z)) (See [AKNj ) . They proved that all of the zeros of F m (z) in F lie on the unit circle for each m ^ 1. 
After that, E. Bannai, K. Kojima, and T. Miezaki considered the same problem for the normalizers of 
congruence subgroups which correspond the conjugacy classes of the Monster group (See |BKM| ). They 
observed the location of the zeros by numerical calculation, then almost all of the zeros of the modular 
functions from Hecke type Faber polynomial lie on the lower arcs when the group satisfy the same 
assumption of the theorem of H. Hahn. In particular, T. Miezaki proved that all of the zeros of the 
modular functions from the Hecke type Faber polynomials for the Fricke group To(2) lie on the lower 
arcs of its fundamental domain in their paper. 
Now, we have the following conjectures: 
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Conjecture 1. Let T be a genus zero Fucksian group of the first kind with oo as a cusp. If the hauptmodul 
Jr takes real value on d¥r, all of the zeros of the Eisenstein series for the cusp oo for V in Fp He on the 
arcs 

<9F r \{z£i; Re(z) = ±h/2}. 

Conjecture 2. Let T be a genus zero Fucksian group of the first kind with oo as a cusp. If the hauptmodul 
Jr takes real value on d¥r, all but at most Ch(T) of the zeros of modular function from the Hecke type 
Faber polynomial of degree to for T in Fr lie on the arcs 

SF r \{zeH; Re{z) = ±h/2} 

for all but finite number of m and for the constant number Ch(T) which does not depend on to. 

In this paper, we will observe the location of the zeros of the Eisenstein series and the modular func- 
tions from Hecke type Faber polynomials for the normalizers of congruence subgroups, as a first step of 
a challenge for the above conjectures. 

The normalizers of congruence subgroups of level at most 12 which satisfies the assumption of above 
conjectures are 

sl 2 (z), rs(2), r (2), rs(3), r (3), r$(4), r (4), rs(5), r (6)+, rs(6), r (6) + 3, r (6), 
r*(7), r*(8), r (8), r*(9), r (io)+, r*(io), r (io) + 5, r (i2)+, r*(i2), 

r (12) +4, andr (12). 

For the Conjecture [H SL 2 (Z), Fq(2), and rj$(3) verify Conjecture [T] For the other cases, we can prove 
by numerical calculation for the Eisenstein series of weight k ^ 500. 

For the Conjecture^ SL^Z) and Tq(2) verify Conjecture[2]for every degree to, where we have Ch(T) = 
for each case. Furthermore, for r (2), rS(3), r (3), rS(4), r (4), r (6)+, r (6) + 3, r (6), r (8), r5(9), 
r (10)+, r (10) + 5, r (12)+, r (12) + 4, and r (12), we can prove all of the zeros of the modular 
function from the Hecke type Faber polynomial of every degee to 200 in each fundamental domain lie 
on the lower arcs by numerical calculation. 

On the other hand, for Tq(5) and Tq(7), we can prove by numerical calculation for the modular function 
from the Hecke type Faber polynomial of every degee to = 1 and 3 to 200, where we have Ch(T) = 
for each case. When m = 2, there is just one zero which is on the boundary of its fundamental domain 
but not on the lower arcs for the each group. 

For Tq(6) and ^(8), we can prove by numerical calculation for the modular function from the Hecke 
type Faber polynomial of every degee m ^ 200 which satisfy m (mod 2) and to ^ 2 (mod 4), 
respectively. For the remaining degrees, there is just one zero which is on the boundary of its fundamental 
domain but not on the lower arcs for the each group, that is, c^(r) = 1. 

Finally, for Fg(10) and ^(12), we have just two zeros which are not on the boundary of each funda- 
mental domain for degrees m = 7, 9, 11 and m — 3, 6, 12, 13, 15, respectively. Furthermore, there is just 
one zero which is on the boundary of its fundamental domain but not on the lower arcs for the case m = 
(mod 2) and to = 2,4 (mod 6), respectively. For the other cases, we can prove that all of the zeros are 
on the lower arcs of each fundamental domain by numerical calculation. 



r Eisenstein series (k ^ 500) Hecke type Faber polynomial (m ^ 200) 

sl 2 (z), rs(2), r (2), rs(3), r (3), 

T* (4), To (4), To (6)+, r (6) + 3, 

r (6), r (8), rs(9), r (io)+, r (io) + 5, 
r (i2)+, r (i2) + 4, r (i2). 

rs(5), rs(7) 

rs(6) 

rs(8) 

rs(io) 

rg(i2) 

'0' : all °f the zeros lie on lower arcs. 

( ■ ): the number of zeros which are on dT but not on lower arcs. 
[ ■ ] : the number of zeros which are not on dT. 

Table 1. Result by numerical calculation 



o 

O m = 2, (1) 

m : even, (1) 
m = (mod 4), (1) 
m = 7,9, 11, [2], m : even, (1) 
m = 3, 6, 12, 13, 15, [2] m = 2, 4 (mod 6), (1) 
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If the hauptmodul Jr does not take real value on <9Fr (cf. Figure [TJ, it seems to be not similar. Such 
cases are followings; 

r (5), r (6) + 2, r (7), r (9), r (io) + 2, r (io), r*(ii), andr (i2) + 3. 




Lower arcs of d¥e+2 

Figure 1. Image by J 6+2 (r (6) + 2) 



For r (5), r (6) + 2, r (7), r (10) + 2, r (10), and r*(ll), we can observe that the zeros of the 
Eisenstein series for cusp 00 do not lie on the lower arcs of their fundamental domains by numerical 
calculation. However, when the weight of Eisenstein series increases, then the location of the zeros seems 
to approach to lower arcs. (See Figured]) 



The zeros of E 



k,6+2 



for 4 < k < 40 




X. 



The zeros of -E'k>oo,6+2 



Figure 2. Image by J 6+2 (r (6) + 2) 
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Also, for the zeros of the modular functions from the Hecke type Faber polynomials, we can observe 
that there are some zeros which do not lie on the lower arcs of their fundamental domains by numerical 
calculation. Furthermore, when the degree m increases, then the location of the zeros seems to approach 
to lower arcs. (See Figured]) 



The zeros of F m fi+2 
for 1 < m < 40 




Figure 3. Image by J 6+2 (r (6) + 2) 



On the other hand, ro(9) and ro(12) + 3 seem to show the special cases. We can prove that all of the 
zeros of the Eisenstein series of weight k ^ 500 lie on the lower arcs of their fundamental domains by 
numerical calculation. Also, we can prove that all of the zeros of the modular function from the Hecke 
type Faber polynomial of degee m ^ 200 lie on the lower arcs by numerical calculation. On the other 
hand, they do not satisfy the assumption of Conjecture [T] and [21 However, the image of lower arcs by its 
hauptmodul draw a interesting figure. (Figured]) 
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Figure 4. Image of the lower arcs of the fundamental domains by hauptmoduls 



We refer to [MNSj . |SJ1| . and . SJ2J for some groups. However, note that definitions in this paper are 
sometimes different from that in it. 

In 'Part F, we will consider the general theory of modular functions for the normalizers of the congru- 
ence subgroups To(N) of level N ^ 12. And in 'Part IF, we will observe the location of the zeros of the 
Eisenstein series and the the modular functions from Hecke type Faber polynomials for the normalizers 
in Part I by numerical calculation. 
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1. Level 1 

1.1. SL 2 (Z). WehaveSL 2 (Z) = ((oi). (J^ 1 )). 

Location of the zeros of the Eisenstein series. F. K. C. Rankin and H. P. F. Swinnerton-Dyer 
proved that all of the zeros of Ek lie on the lower arcs of d¥. (See fRSDj ) 




Figure 5. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. T. Asai, M. Kaneko, and H. Ninomiya 
proved that all of the zeros of F m lie on the lower arcs of d¥. (See [AKN ) 



Level 2 
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2. Level 2 



o -1/V2 



We have T (2)+ = rjjj(2) and T (2)- = T (2). We have W 2 = f ^ 
2.1. rS(2). Wehaver5(2) = ((Ji), W 2 >. 

Location of the zeros of the Eisenstein series. T. Miezaki, H. Nozaki, and the present author proved 
that all of the zeros of -Efc,2+ he on the lower arcs of <9F2+. (See jMNSJ) 



Figure 6. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. T. Miezaki proved that all of the zeros of 
F m ^ 2 + he on the lower arcs of d¥ 2+ . (See |BKM| ) 

2.2. r (2). Wehaver (2) = ((ii), (i?)) and 7o = W 2 . 

Location of the zeros of the Eisenstein series. Since W<^~ ro(2)W2 = To (2), we have 

(2) El 2 (W 2 z) = (V2z) k E? 2 (z). 

Furthermore, we have 

£g, a (-l/2 + i/(2tanfl/2)) = ((e w 1) / 72) fc E^ 2 ((e lS - l)/2). 

Then, if we have the zeros of £^° 2 in the lower arcs of d¥ 2 , then we have the zeros of E® 2 in {z ; Re(z) — 
— 1/2}. (See the below figure) 

For k ^ 1000, we can prove that all of the zeros of E^ 2 lie on the lower arcs of d¥ 2 by numerical 
calculation. 




Figure 7. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m , 2 lie on the lower arcs of d¥ 2 by numerical calculation. 
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On the zeros of Eisenstein Series for the normalizers of congruence subgroups 



3. Level 3 



We have T (3)+ = rjjj(3) and r (3)- = r (3). We have W 3 = ( 



o -i/Va 

V3 o 



3.1. rS(3). We have (3) = W 3 ) 



Location of the zeros of the Eisenstein series. T. Miezaki, H. Nozaki, and the present author proved 
that all of the zeros of -Efc,3+ lie on the lower arcs of <9F3 + . 



Figure 8. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m ^ + lie on the lower arcs of d¥% + by numerical calculation. 



3.2. r (3). Wehaver (3) = <(!}), -(£?)) and 7o = W 3 . 

Location of the zeros of the Eisenstein series. Since W^To^)!^ = ro(3), we have 

(3) E° k>3 (W 3 z) = (V3z) k E% 3 (z). 

Furthermore, we have 

£g )3 (-l/2 + i/(2tanfl/2)) = ((e w 1) / V3) k E% 3 ((e ie - l)/3). 

For k ^ 1000, we can prove that all of the zeros of E%° 3 lie on the lower arcs of d¥ 3 by numerical 
calculation. 




Figure 9. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F rn 3 lie on the lower arcs of d¥ 3 by numerical calculation. 



Level 4 
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4. Level 4 

We have T (4)+ = r (4) + 4 = 1^(4) and T (4)- = r (4). We have Wi = (° -]/ 2 ) and define 
4.1. rg(4). We have rj(4) = T"^ r (2) T 1/2 and rg(4) = ((J J), W 4 ). 

Location of the zeros of the Eisenstein series. Since (W 4 +,2) _:i Tq(4)VI / 4+) 2 = ^(4), we have 

(4) ^4(4(7-1/2*) = + l/V2) k E^ +4 (z). 

Furthermore, we have 

£-^itan(0/2)/2) = ((e* e + l)/V2) k E^ 4+4 (e* e /2). 

Now, recall that Tg(4) = Tr^ To(2) 7\/2- Then, for k ^ 1000, since we can prove that all of the zeros 
of E^ 2 lie on the lower arcs of 9F2 by numerical calculation, we have all of the zeros of E%° 4+4 in the 
lower arcs of 9F 4+ 4. 




Figure 10. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of -F m .4+4 lie on the lower arcs of 9F4 + 4 by numerical calculation. 

4.2. r (4). Wehaver (4) = V 2 1 T{2)V 2 and r (4) = (-1, (Ji), (|?)>. Furthermore, we have 70 = W4 
and 7-1/2 = W^-p. 

Location of the zeros of the Eisenstein series. Since Vt / 4 T 1 ro(4)Vt / 4 = 7Zi/2^o(4)7-i/2 = To(4), we 
have 

(5) E° kA (W iZ ) = (2z) k E^ 4 (z), 

(6) E-l /2 (j_ 1/2 z) = (2z + l) k E^(z). 
Furthermore, we have 

£& 4 (-l/2 + ttan(0/2)/2) = ((e ie l)/2) k E^ e - l)/4), 

^ /2 (*tan(0/2)/2) = {{e ie + l)/2) k E^ s - l)/4). 

Now, recall that Ej£ 4 (z) = E^ 2 (2z), then E^ 4 (z) has [k/i\-l zeros in {\z\ = 1/4, -1/4 < Re(z) < 0}, 
and V-i/4 + i/ 4 (E^ 4 ) = 1 for k = 2 (mod 4). Moreover, by the transformation with for E^ 2 i we 

have 

E^i((e l9 - l)/4) = E^ 2 ((e l9 - l)/2) = e lk{7r ~^ E^ 2 {{e l{7r ^ - l)/2) = e lk ^~ 6 ^ E^ 4 {{e l ^- e) - l)/4). 

For k ^ 1000, we can prove that all of the zeros of E^ 2 lie on the lower arcs of d¥ 2 by numerical 
calculation, then we have all of the zeros of E%° 4 in the lower arcs of d¥ 4 . 
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On the zeros of Eisenstein Series for the normalizers of congruence subgroups 




Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m ^ lie on the lower arcs of 9F4 by numerical calculation. 



Level 5 
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5. Level 5 
= r (5). We have W 5 

(ID)- 



o -l/VS 
VE o 



We have r (5)+ = rjjj(5) and r (5)- 



5.1. rg(5). WehaverS(5) = ((Ji), W 5 . 

Location of the zeros of the Eisenstein series. In |SJ2j . the present author proved that all of the 
zeros of Ek,5+ he on the lower arcs of dF$ + if 4 | k, and we prove all but at most one of the zeros of £ , / c ,s+ 
lie there if 4 j k. Furthermore, let as E [0, tt] be the angle which satisfies tanas = 2, and let as t k G [0, ir] 
be the angle which satisfies a^ t k = k(n/2 + a^)/2 (mod tt). We prove that all of the zeros of Ek,5+{z) in 
F*(5) are on the lower arcs of 'SF 5+ for 4 | k if a 5ik < (116/180)tt or (117/180)tt < a 5)fc . 

In addition, for k ^ 2500, we can prove that all of the zeros of Ek^+ lie on the lower arcs of <9Fs + by 
numerical calculation. 



Figure 12. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m = 1 and 3 ^ m ^ 200, we can 
prove that all of the zeros of F m ^ + lie on the lower arcs of <9Fs + by numerical calculation. On the other 
hand, by numerical calculation, we can prove that all but one of the zeros of i*2,5+ he on the lower arcs 
of dF$ + , and one of the zeros of ^2,5+ lies on <9Fs+ but does not on the lower arcs. 



5.2. r (5). We have r„(5) = {( J \ ) , ( J ° ) , ( 1 1 )) and 7o = W 5 . 

Location of the zeros of the Eisenstein series. Since W 5 ~ 1 ro(5)I / Fs = ro(5), we have 
(7) El 5 (W 5 z) = (V5z) k E£ 5 (z). 

Furthermore, we have 

££ 5 (-l/2 + i/(2tan0/2)) = ((e* e - l)/V5)*E£ B ((e iS - l)/5), 
E° k!5 ((e ie ' + 2)/3) = ((e ie - 2)/V5) k Eg 5 ((e ie - 2)/5), 
ElA{e^- 6,) - 2)/3) = ((2e* e - 1) / y/g) k E% B ({e» + 2)/5), 
where e ie ' = (4 - 5cos6< + 3isin0)/(5 - 4cos0). 



771OC 




Els 



Figure 13. Neighborhood of location of the zeros of the Eisenstein series 



We can verify whether the zeros lie on 9Fs if J5 takes real value there. However, J5 does not take real 
value, then all we can do is to observe the graphs. 
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On the zeros of Eisenstein Series for the normalizers of congruence subgroups 



Lower arcs of 9Fg 




Figure 14. Image by J 5 

Now, we can observe that some zeros of -E£° 5 do not lie on the lower arcs of d¥$ for small weight k by 
numerical calculation, but they seems to lie on <9Fs except for lower arcs. However, when the weight k 
increases, then the location of the zeros seems to approach to lower arcs of dF$. (see Figure [T5|) 

Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, we can 
observe that some zeros of F m ^ do not lie on the lower arcs of d¥§ for small weight m by numerical 
calculation. However, when the weight m increases, then the location of the zeros seems to approach to 
lower arcs of d¥ 5 . (see Figure [TBI) 



Level 5 
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The zeros of -E^J o.5 



Figure 15. Image by J 5 
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The zeros of F m 5 for m ^ 40 



10 



-8 



-6 



-4 



-2 



The zeros of -^200,5 
Figure 16. Image by J 5 



-3 



Level 6 
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6. Level 6 

We have r (6)+, r (6) + 6 = 1^(6), r (6) + 3, r (6) + 2, and r (6)- = r (6). We have W 6 = 
6.1. r (6)+. Wehaver (6)+ = ((JJ), W t , W M ). 

Location of the zeros of the Eisenstein series. For k ^ 1000, we can prove that all of the zeros of 
Ekfi+ lie on the lower arcs of <9F@ + by numerical calculation. 




Figure 17. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m< 6+ lie on the lower arcs of <9Fg + by numerical calculation. 

6.2. r (6) + 6 - rS(6). We have r^(6) = ((J {) , W 6 , (&§)) and 7 _ 1/2 = W 6 , 3 

Location of the zeros of the Eisenstein series. Since ^^"3^(6)^6,3 = 1^(6), we have 

(8) E^W^z) - (2V3z + V3) k E% 6+6 (z). 

Furthermore, we have 

^/ 2 a (itan(<?/2)/2) = {{e M + 1) / (2V3)) fc E% 6+6 ((e ie - 5)/12), 
E^i 2 6 (e ie '/V6) = (V3e ie + s/2) k E% 6+6 (e ie /V&), 

where e i6 ' = (-2y/6 - 5 cos 9 + i sin 6>)/(5 + 2\/6cos(9). 

For k ^ 750, we can prove that all of the zeros of E^ 6+6 lie on the lower arcs of 9F6+6 by numerical 
calculation. 




Figure 18. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For every odd integer m ^ 200, we can 
prove that all of the zeros of F m fi+6 lie on the lower arcs of 9Fg + 6 by numerical calculation. On the 
other hand, by numerical calculation, for every even integer m 200, we can prove that all but one of 
the zeros of F m> e+6 he on the lower arcs of 8Wq + q, and one of the zeros of F mj 6+6 lies on 8¥q + q but does 
not on the lower arcs. 
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On the zeros of Eisenstein Series for the normalizers of congruence subgroups 



6.3. r (6) + 3. We have r (6) + 3 = ((J}), (J J), W 6 , 3 ) and 7o = W 6 . 

Location of the zeros of the Eisenstein series. Since Wq 1 (Tq(6) + 3)Wq — Tq{6) + 3, we have 



(9) 

Furthermore, we have 



o 

fe,6+3 



e: 





fc,6+3 



(-l/2 + i/(2tan(0/2))) = ((e ie - l)/V6) fe ^ 6+3 (( 



l)/6), 



fig, 6+3 (e ie 7(2V3) - 1/2) = ((V3e 19 - l)/V2) fe ^ 6+3 (e ie /(2V3) - 1/2), 

lie on the lower arcs of <9Fg +3 by numerical 



where e l9 ' = (\/3 - 2cos6> + isin0)/(2 - v^cosfl). 

For k ^ 600, we can prove that all of the zeros of E^ &+z 
calculation. 



poo 

^,6+3 



Figure 19. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of FJn.6+3 lie on the lower arcs of <9Fg+ 3 by numerical calculation. 



6.4. r (6) + 2. We have r (6) + 2 = (( J \ ) , ( \ °) , W 6 , 2 ) and 7o = W 6 . 

Location of the zeros of Eisenstein series. Since Wg _1 (ro(6) + 2)W$ = To (6) + 2, we have 
(10) E° kfi+2 (W 6 z) = (V6z) k E^ 6+2 (z). 

Furthermore, we have 

Bg l6+3 (-l/2 + i/(2taa<?/2)) = ((e w - l)/V6) k E^ +2 ((e w l)/6), 

El 6+2 (e* e '/V2 + 1) = ((e' e - y/2) / 'V3) fc E£ 6+2 (e ie / (3^2) - 1/3), 
^° 6+2 (e ie "/V2 - 1) = + ^)/V3) fe ^ 6+2 (e l V(3^) + 1/3), 
where e i6 ' = (3 cos6> - 2^2 + i sin6»)/(2 % /2 - 3 cos6>) and e ie " = (3 cos6> + 2^2 + i sin6»)/(2V2 + 3 cos( 



77100 



Figure 20. Neighborhood of location of the zeros of the Eisenstein series 

Now, we can observe that the zeros of E"^ e+2 do not lie on the arcs of d¥g +2 for small weight k by 
numerical calculation. However, when the weight k increases, then the location of the zeros seems to 
approach to lower arcs of d¥g +2 . (See Figure [ 



Level 6 
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Lower arcs of dWa+2 




Figure 21. Image by J e+2 

Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of F m ,6+2 
do not lie on the lower arcs of 9Fg + 2 for small weight m by numerical calculation. However, when the 
weight m increases, then the location of the zeros seems to approach to lower arcs of 9F 6+2 . (see Figure 

ED 

6.5. r (6). We have r (6) = (-/, (fW), (Si). (12 i)). 7-i/a = ^6,3, 7o = W 6 , 7-1/2 = W 8 ,3, and 
7-1/3 = We t 2- 

Location of the zeros of the Eisenstein series. Since W$ ro(6)We = W^Toi'BijWe^ = ^o(^)We,2 = 
To (6), we have 

(V6z)- k E° kfi (W 6 z) = (2V3z + V3)- k E~l /2 (W 6 , 3 z) = (zV2z + V2)~ k : E^ /3 {W 6 , 2 z) = E% 6 (z). 
Furthermore, we have 

£g, 6 (-l/2 + i/(2 tan(0/2))) = ((e ie - l)/V6) k E^((e id - l)/6), 

E Q k A(e 16 ' - 5)/12) = ((5e l9 - l)/(2V6))*££ 6 ((e <9 - 5)/12), 
EZl /2 ((e W " ~ l)/6) - ((e 49 + 2)/(2V3)) fc £r 6 ((e l9 - l)/6), 
£^ /2 (ztan(tf/2)) = ((e ie + l)/(2V3)) fc £; fc ~ 6 ((e i9 - 5)/12), 
^6 /3 (-l/2 + *tan(0/2)/6) = ((e* 9 + 1) / V2) fc ££ 6 ((e* - l)/6), 

£^ /3 (i/(3tan(0/2))) = ((e ie - l)/(2V2))*i5£ 8 ((e* - 5)/12), 

where e ie ' = (5 - 13cos6> + 12isin0)/(13 - 5cos6>) and e l °" = (-4 - 5cos6» + 3isin6»)/(5 + 4cos6>). 

For k ^ 500, we can prove that all of the zeros of E%° 6 lie on the lower arcs of 8¥q by numerical 
calculation. 
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The zeros of E% 6+2 for 4 < k ^ 40 
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The zeros of £^ o,6+2 
Figure 22. Image by J 6+2 
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The zeros of F 20 o : 6+2 
FIGURE 23. Image by J 6+2 
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Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m .§ lie on the lower arcs of 8¥q by numerical calculation. 



Level 7 
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7. Level 7 

We have T (7)+ = rjjj(7) and T (7)- = T (7). We have W 7 = ( ^ 
7.1. rg(7). We have T* (7) = <(&*)> W 7 , (?*)>. 

Location of the zeros of the Eisenstein series. In |SJ2| . the present author proved that all of the 
zeros of Ek :7 + lie on the lower arcs of (9F 7+ if 6 | fc, and we prove all but at most one of the zeros of 
£*,7+ lie there if 6 j fc. Furthermore, let a 7 G [0, 7r] be the angle which satisfies tan a 7 — 5/\/3, and let 
&7,k € [0,7r] be the angle which satisfies a 7 .k = fc(7r/2 + a 7 )/2 (mod 7r). We prove that all of the zeros 
of J5fc,7+(z) in F*(7) arc on the lower arcs of d¥ 7+ if "a 7 , fe < (127.68/180)tt or (128.68/180)tt < a 7 , fc for 
fc = 2 (mod 6)" or "a 7 , fc < (108.5/180)tt or (109.5/180)tt'< a 7:k for k = 4 (mod 6)". 

In addition, for fc ^ 3000, we can prove that all of the zeros of Ek l7 + lie on the lower arcs of d¥ 7+ by 
numerical calculation. 



Figure 25. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m = 1 and 3 ^ m ^ 200, we can 
prove that all of the zeros of F m j + lie on the lower arcs of d¥ 7+ by numerical calculation. On the other 
hand, by numerical calculation, we can prove that all but one of the zeros of -^2,7+ he on the lower arcs 
of d¥ 7+ , and one of the zeros of ^2,7+ lies on d¥ 7+ but does not on the lower arcs. 



7.2. r (7). Wehaver (7) = <(!}), - ( 7 g) , (f *)> and 7o = W 7 . 

Location of the zeros of the Eisenstein series. Since W 7 ~ 1 Tq(7)W 7 = ro(7), we have 
(11) E° kJ (W 7 z) = (V7z) k E£ 7 (z). 

Furthermore, we have 

£° 7 (-l/2 + i/(2tan0/2)) = ((e* - I) / Vl) k E^ 9 - l)/7), 

E° ki 7 ((e ie ' + 2)/3) = ((-2e ie 1) / V7) k E^ 7 ((e ie - 3)/7), 
Ei 7 ((e^- e "> 2)/3) = ((e* e + 2)/V7) fc ^ 7 ((e l9 + 2)/7), 
where e ie ' = (-4- 5cos6< + 3isin6»)/(5 + 4cos6»). 



rpoo 
^k,7 
















E° " 



Figure 26. Neighborhood of location of the zeros of the Eisenstein series 

Now, we can observe that some zeros of £^° 7 do not lie on the lower arcs of d¥ 7 for small weight fc 
by numerical calculation. However, when the weight fc increases, then the location of the zeros seems to 
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Lower arcs of dW? 




Figure 27. Image by J 7 
approach to lower arcs of dF^. (see Figure |2"5|) 

Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, we can 
observe that some zeros of F m< r do not lie on the lower arcs of dF-? for small weight m by numerical 
calculation. However, when the weight m increases, then the location of the zeros seems to approach to 
lower arcs of d¥i. (see Figure [HJ) 
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The zeros of ^200,7 
Figure 29. Image by J 7 
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8. Level 8 

We have r (8)+ = r (8) +8 = rg(8) and r (8)- = r (8). We have W s = ( 2 %~ 1/{ ^ ] ): 



8.1. r (8) + 8 = r5(8). WehaveT^S) = ((J }), W s , (!£)) and 7 _ 1/2 = W 8 _, 4 . 

Location of the zeros of the Eisenstein series. Since W s ~_} 4 Tq(8)Ws- ,4 = ^(8), we have 

(12) E^lHiWs-^) = (2V2z + V2) k E^ 8+8 (z). 

Furthermore, we have 

£-i/ 2 8 (itan(0/2)/2) = ((e ie + 1) / (2V2)) k E™ +8 ((e* s - 5)/12), 
^8+8(^7(2^)) = (V2e ie + l) k E~ +8 (e* e /(2V2)), 

where e ie ' = (-2y/2 - 3 cos# + zsin#)/(3 + 2\/2cos0). 

For k ^ 600, we can prove that all of the zeros of E^ s+g lie on the lower arcs of <9F 8+8 by numerical 
calculation. 



E°° 

-^,8+8 




E 



-1/2- 
k,8+8 




Figure 30. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For every integer m ^ 200 such that 
m ^ (mod 4), we can prove that all of the zeros of F m ^ +8 lie on the lower arcs of <9F 8+8 by numerical 
calculation. On the other hand, by numerical calculation, for every integer m ^ 200 such that m = 
(mod 4), we can prove that all but one of the zeros of F TO) 8+s he on the lower arcs of 5F 8+8 , and one of 
the zeros of i^ m ,8+8 lies on <9F 8+8 but does not on the lower arcs. 



8.2. r (8). We have r„(8) = (-/, (J J), (J?), (| £)>, 70 = W a , 7-1/2 = W 8 - A , and 7 _ 1/4 = W 8 _, 2 . 

Location of the zeros of the Eisenstein series. Since W 8 " 1 r (8)W / 8 = Wf_} A T (8)Ws-,4 = W 8 l 1 2 r (8)W / 8 _ i 2 = 
To (8), we have 

(V8z)- k El s (W 8 z) = (2V2z + V2)- k E-l /2 (W 8 , 3 z) = (4z + l)~ k E~l< 14 (W S -, 2 z) = E^(z). 

Furthermore, we have 

££ 8 (-l/2 + V(2tan(0/2))) = ((e* - 1) / (2V2)) k E^ e - l)/8), 

EU(e W ' ~ 3)/8) = ((3e l9 - I) / {2y/2)) k E^{{e ie - 3)/8), 

E^l /2 ((e 19 " - l)/8) = (-(3e* e + l)/(2v^)) fe ^ 8 ((e i9 - l)/8), 

^ /2 ( lt an(0/2)/2) = ((e ie + l)/(2v^))%~ 8 ((e«> - 3)/8), 

^ /4 (-l/2 + l tan(0/2)/2) = ((a iS + l)/2) k E% 8 ((e ie - l)/8), 

^ /4 ( l /(2tan(0/2))) = ((e ie 1) / A) k E^{{e ie - 3)/8), 

where e i9 ' = (3 - 5cos6» + 4isin0)/(5 - 3cos6>) and e ie " = (-3 - 5cos0 + 4isin0)/(5 + 3 cos0). 

Now, recall that -B~ 8 (z) = E^ 2 {Az). Similarly to r (4), for k < 1000, we can prove that all of the 
zeros of E%° 2 lie on the lower arcs of <9F 2 by numerical calculation, then we have all of the zeros of £^° g 
in the lower arcs of 9F 8 . 
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Figure 31. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m $ he on the lower arcs of d¥g by numerical calculation. 
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9. Level 9 

We have T (9)+ = T (9) + 9 = T* (9) and r (9)- = r (9). We have We, = (° -J/ 3 ), W9-3 := 
(--/3),and^ 9 _,_ 3 :=(r_ 2 / 3 ). 

9.1. r (9) + 9 = r5(9). We define T* Q (9) = ((J {) , W 9 , and 7 _ 1/3 = Wg_, 3 . 

Location of the zeros of the Eisenstein series. Since W^i_ 3 TQ(9)Wg- t 3 = Tq(9), we have 

(13) E^ + 3 g (W 9 ., 3 z) = (3z) k E^ 9+9 (z). 

Furthermore, we have 

^9+9(- 1 /2 + */(6tan(0/2))) = (e") fc 25£ 9+9 (e"/3), 

£^ 3 9 (V(3tan(0/2))) = ((e* - 3)/2) fc ^ 9+9 ((e l9 - 3)/6). 

For fc ^ 600, we can prove that all of the zeros of B^° 9 , 9 lie on the lower arcs of <9F 9+9 by numerical 
calculation. 



77'OC 

Figure 32. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of -F m . 9 + 9 lie on the lower arcs of <9F 9+9 by numerical calculation. 

9.2. r (9). We have r (9) = <-/, (JIMS?), ( % \ )), 7o = Wg, 7-i/a = W 9 _, 3 , and 7l/3 = ^ 9 _,_ 3 . 

Location of the zeros of the Eisenstein series. Since Wg l T (9)W 9 = W 9 _} 3 T (9)W 9 ^^ 3 = Wq~_}_ 3 T (9)W 9 -- 3 = 
To (9), we have 

(V9z)- k El 9 (W 9 z) = (3z + l)- fc 25^/ 3 (W9-,3*) = (3z - l)~ k E X k { 9 \w 9 ^ 3 z) = E% 9 (z). 
Furthermore, we have 

££ 9 (-l/2 + i/(2tan(0/2))) = ((e* e - l)/3)*^ 9 ((e <9 - l)/9), 

El 9 ((e ie ' + 2)/3) = ((-2e M + l)/3) k E£ 9 ((e ie - 4)/9), 
El 9 {{e^- e,) - 2)/3) = ((e* e + 2)/3) k E^ 9 ((e w + 2)/9), 
£?-V 3 ( e *(T-0/3) = (( e » + 2)/3) fc ^ 9 ((e M - l)/9), 
^9 /3 (V6 + i/(2tan(0/2))) = ((e' e - l)/3) fc 25£ 9 ((e" - 4)/9), 
^ 9 /3 ((^' + l)/3) = ((2e i9 + l)/3)^ 9 ((e ie + 2)/9), 
*£iV/3) = ((-2e ie - l)/3) k E% 9 ((e if> l)/9), 
ElS{{e^- 0,) l)/2,) = ((-e lS 2)/3) k E^((e^ - 4)/9), 
^ 9 3 (-l/6 + i /(2tan(0/2))) = ((e iS - l)/3) fc 25£ 9 ((e" + 2)/9), 

where e ie ' = (-4 - 5 cos 5 + 3i sin 0)/ (5 + 4 cos 0) . 
Now, recall that E%? g (z) = E^ 3 (3z). Moreover, by the transformation with ( J ^) for E%° 3 , we have 

E% 9 ((e i8 - l)/9) = 25£ 3 ((e* - l)/3) = E^ 2 ((e^ 1 ± 3)/3) = E^ 9 ((e^ - 1 ± 3)/9). 




2,x 



On the zeros of Eisenstein Series for the normalizers of congruence subgroups 




Figure 33. Location of the zeros of the Eisenstein series 



Lower arcs of <9Fg 




Figure 34. Image by J 9 



For k ^ 1000, we can prove that all of the zeros of E^ 3 lie on the lower arcs of 9F3 by numerical cal- 
culation, then we have all of the zeros of E%° g in the lower arcs of <9Fg. Thus, this case is very interesting. 
Though Jg does not take real value on the some arcs of 9F g , all of the zeros of E^ g seems to lie on the 
lower arcs. 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m .g lie on the lower arcs of d¥g by numerical calculation. 
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10. Level 10 

We have r (10) + . r (10) + 10 = rjjj(lO), r (10) + 5, r (10) + 2, and r (10)- = r (10). We have 
W » = ( ) ■ W ^ = ( S -]'X 2 \ -d W W , 5 := ( -J ) . 

10.1. r (10)+. We have r (10)+ = ((H), W w , W w ,s). 

Location of the zeros of the Eisenstein series. For k ^ 800, we can prove that all of the zeros of 
Ek t io+ lie on the lower arcs of 9Fio+ by numerical calculation. 



Figure 35. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of -F m .io+ he on the lower arcs of d¥\o + by numerical calculation. 

10.2. r„(10) + 10 = rS(10). We have 1^(10) HUD- W 10 , (lo 3 V): (log)) and 7-1/2 = WW 
Location of the zeros of the Eisenstein series. Since 5 ro(10)Wio,5 = Fq(IO), we have 

(14) ^10+10(^0,5*) = (2Vbz + Vh) k E^ w+w (z). 

Furthermore, we have 

^i£io(e M 7(3V^O) - 1/3) = (~V5e* - v^) fe ^ lo+lo (e l Vv^0), 

^Molio(^7v^0) = (V2(e* e + l)/3) fc ^ 10+10 (e 4 V(3v^O) - 1/3), 

E- k % 2 +w (it^(e/2)/2) = ((e ie + l)/(2V5)) k E£ w+1Q ((e* s - 9)/20), 

where e ie ' = (-2-y/lO - 7cos0 + 3isin0)/(7 + 2-y/lOcos0). 

For k ^ 500, we can prove that all of the zeros of E%° w+W lie on the lower arcs of <9Fi +io by numerical 
calculation. 




Figure 36. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For every odd integer m ^ 200 but 
m = 7, 9, 11, we can prove that all of the zeros of F 1 ™, 10+10 he on the lower arcs of <9Fio+io by numerical 
calculation. On the other hand, by numerical calculation, for m = 7, 9, 11, we can prove that all but two 
of the zeros of F m _ 10+10 lie on the lower arcs of <9Fio+io, and two of the zeros of F m _ 10+10 do not lie on 
9Fio+io- For the other cases where m is even and m $J 200, by numerical calculation, we can prove that 
all but one of the zeros of F mt 10+10 he on the lower arcs of <9Fio+io, and one of the zeros of F m _ 10+10 lies 
on <9Fio+io but does not on the lower arcs. 
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10.3. r (10) + 5. We have r (10) + 5=<(oi)> WW, do i ) , ( To V )> and 7o = W 10 . 

Location of the zeros of the Eisenstein series. Since W 1 ^ 1 (ro(10) + 5)1^10 = To(10) + 5, we have 
(15) E° ktl0+5 (W w z) = (VWz) k E^ 1Q+5 (z). 

Furthermore, we have 



<io +5 (-l/2 + */(2tan(0/2))) = ((e M l)/VlO) fc ^ 10+5 ((e iy - 1)/10), 

^,10+6(^7(2^5) - 1/2) = (-(V5e" - 1)/ (2^)^10+5^7(4^5) - 1/4), 

< io+ 5 (^7(4V5) ~ 1/4) - (~(V5e W - 1)/V2) k E^ w+5 (e^ /(2>/5) - 1/2), 

where e l9 ' = (2y/E - 6 cosfl + 4i sin0)/(6 - 2a/5 cos 0). 

For fc ^ 450, we can prove that all of the zeros of E%° 10+5 he on the lower arcs of <9Fio+5 by numerical 
calculation. 




Figure 37. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of i^m.,10+5 he on the lower arcs of <9Fio+5 by numerical calculation. 

10.4. r (10) + 2. We have r (10) + 2 = (( J \ ) , W 10 ,2, do?), ( io i )) and 7 o = W w . 

Location of the zeros of Eisenstein series. Since W r 1 ^ 1 (ro(10) + 2)Wio = ro(10) + 2, we have 
(16) El w+2 {W w z) = (Vl0z) k E™ o+2 (z). 

Furthermore, we have 

£° lo+2 (-l/2 + i/(2tan0/2)) = ((e iS l)/Vld) k E% w+2 ((e ie - 1)/10), 

E° kilo+2 (e i0 '/V2 + 1) = (-(V2e ie + I) / VZ) k E^ w+2 {e w / {hV2) - 2/5), 
<io+ 2 (^7V2 - 1) = ((e w + V2)/V5) k E% 10+2 (e ie /(5V2) + 1/5), 
where e i0 ' = (-2v^-3cos0 + isin0)/(3 + 2\/2cos0) and e t6 " = (-2v^+3cos0 + isin0)/(3-2 v / 2cos0). 




Figure 38. Neighborhood of location of the zeros of the Eisenstein series 

Now, we can observe that the zeros of E%° 1Q+2 do not lie on the arcs of <9Fio+2 for small weight k by 
numerical calculation. However, when the weight k increases, then the location of the zeros seems to 
approach to lower arcs of &¥iq +2 . (See Figure |40| 
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Lower arcs of SFio+2 




FIGURE 39. Image by J10+2 

Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of F m io+2 
do not lie on the lower arcs of dFio+2 for small weight m by numerical calculation. However, when the 
weight m increases, then the location of the zeros seems to approach to lower arcs of dFio+2- (see Figure 
ED 
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The zeros of E%° 10+2 for 4 k < 40 
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The zeros of S^ 00>10+2 
FIGURE 40. Image by J10+2 
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The zeros of F TOi iq+2 for m ^ 40 
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The zeros of F 20 o,io+2 
Figure 41. Image by J10+2 
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10.5. r (10). We have T (10) = ((ii), U?), (To 3 -/), (10=3); dot)), 7o = W w , 7-1/2 = W 10 , 5 , 



and 7_i/5 = Wj 



10,2- 



Location of the zeros of the Eisenstein series. Since W 10 1 ro(10)W r io = W" 10 s ro(10)Wio 5 : 
^0^0(10)^0,2 - r (10), we have 

(Vl0z)- k El w (W w z) = (2V5z + V$)- k E-^ 2 {W w ^z) = (5v^z + 2V2)~ k E^ 5 (W w , 2 z) = E% 10 (z). 
Furthermore, we have 

^ )10 (-l/2 + i/(2tan(fl/2))) 
< 10 ((e iei +3)/8) 
,((e i(7r - ei )-3)/8) 
^°,io((^ 2 -9)/20) 



-^fc.lOV 



EuVAie 40 ' - 1)/10) 



J /c,10 
J fe,10 

v fc,10 



l)/6) 
l)/6) 

i^ 2 (itan(0/2)/2) 



s -l/2 ((e , (7r _ 94 ) 



£J^ 5 (-l/2 + i tan(0/2)/lO) = 



v fc,10 
"1/5 



fe.10 



(-3/lO + itan(0/2)/lO) = 



E 



rj/ 5 (3/lO + ztan(0/2)/lO) 
Sr}/ 5 ( it an(0/2)/5) 



e i9 


- 1 




_ 2 


3e*< 




be 11 


• _ 


3e*' 


' + 



where e % 



(-3 + 5cos0 + 4isin0)/(5 - 3cos( 



l)/VW) k E^ w ((e ie - 1)/10), 
)/v / 10) fe ^ 10 ((e ie ~3)/10), 
l)/VlO) fe ^ 10 ((e^ + 3)/10), 

1) /(2V^)) k ££ 10 ((e*-9)/20), 

2) /V5) k E% w ((e ie -l)/W), 
e ie + 2)/V5) k E^ 10 ((e ie - 3)/10), 
e l9 + l)/V5)^ 10 ((e ie +3)/10), 
e ^ + l)/(2V5)) fc J Br i0 ((e ie -5)/20), 
e ^ + l)/V2) fe ^ 10 ((e ie -l)/10), 
e*' + 1)/V2) fc ^ 10 ((e ie - 3)/10), 
e ie + l)/V2) fe ^ 10 ((e ie +3)/10), 
e ^-l)/(2V2)) fc ^ 10 ((e^-9)/20), 

: (21 - 29 cos + 2Oisin0)/(29 - 21 cos ( 



(-12- 13 cos (9 + 5i sin 6l)/(13 + 12 cos 0), and e l0i = (4 + 5 cos0 + 3i sin0)/(5 + 4cos 0). 




Figure 42. Location of the zeros of the Eisenstein series 



Now, we can observe that the zeros of E%? 10 do not lie on the arcs of dFio for small weight k by 
numerical calculation. However, when the weight k increases, then the location of the zeros seems to 
approach to lower arcs of 9Fiq. (See Figure |43| 

Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of -F m ,io 
do not lie on the lower arcs of 9Fio for small weight m by numerical calculation. However, when the 
weight m increases, then the location of the zeros seems to approach to lower arcs of 9Fiq. (see Figure 

si 
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11. Level 11 

We have r (ll)+ = rjjj(ll) and r (ll)- = r (ll), but r (ll) is of genus 1. We have Wu = 
( o -l/vTTA 
VVTT o )■ 



n.i. rs(ii). WehaverS(ll) = ((Ji), w n , (A I), 




Figure 45. Neighborhood of location of the zeros of E% 



Lower arcs of 9Fii+ 

Figure 46. Image by J\\ + 

Location of the zeros of the Eisenstein series. We can observe that the zeros of E%° 11+ do not lie 
on the arcs of 9Fn + for small weight k by numerical calculation. However, when the weight k increases, 
then the location of the zeros seems to approach to lower arcs of <9Fn + . (See Figure ITTl) 

Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of F m ,n + 
do not lie on the lower arcs of <9Fn + for small weight m by numerical calculation. However, when the 
weight m increases, then the location of the zeros seems to approach to lower arcs of c?Fn+. (see Figure 

HHJ) 
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The zeros of Ef 11+ for 4 < k < 40 
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The zeros of £^00.11+ 



Figure 47. Image by J 11+ 
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The zeros of F m ^i + for m ^ 40 
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The zeros of ^200,11+ 
Figure 48. Image by Jn + 
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12. Level 12 

We have r (12) + , r (12) + 12 = T* (12), r (12) + 4, r (12) + 3, and r (12) 



-1/a/2 -1/(2-^/5) 



2V3) 



12,3 



V 4V3 V3 / 



, Wis 



r (12). We have 



W 12 _, 



-1 o 



1 li Wi2+,2 



_ ( -V6/2 -5/(2V6) 



3v^ W* y^ 2 -. 6: -(2^"yf)' and ^-V v^/2 

12.1. r (12)+. We have r (12)+ = T^(r (6) + 3)T 1/2 and T (12)+ = ((JJ), W 12 , W 12 , 4 ). Further- 
more, we have 7-1/2 = Wi2+,6- 

Location of the zeros of the Eisenstein series. Since W£^i_ 6 (ro(12)+)W / i 2 +.6 = ro(12)+, we have 

(17) (Wi 2+ , 6 *) = (Vfe + V6/2) k E? 12+ (z). 

Furthermore, we have 



E, 



E-^ 2 + (e i9 '/(2V3)) = ((V3e i9 - l)/V2) k E^ 12+ (e* e /(2V3)), 
(i/(2tan(0/2))) = ((e w + l)/V6) k E? 12+ (e ie /6 1/3), 



-V2 /„■ 



J fc,12+ V'/ \* "ou-y/ "))) — U c ti;/vu; -^fc,l2+^ 

where e l9 ' = (-■ \/3 - 2cos6> + isin0)/(2 + V3cos6»). 

Now, recall that r (12)+ = T^, % (r (6) + 3) 7i/ 2 . Then, for k < 600, since we can prove that all of the 
zeros of -E£° 6+3 he on the lower arcs of <9Fg + 3 by numerical calculation, we have all of the zeros of -E£° 12+ 
in the lower arcs of 9Fi 2+ . 



£ 'fe,12+ 




E, 



-1/2- 



fc,12+ ' ' 

Figure 49. Location of the zeros of the Eisenstein series 

Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, for 
m ^ 200, since we can prove that all of the zeros of -F m ,6+3 he on the lower arcs of <9Fg+3 by numerical 
calculation, we have all of the zeros of F m ^ 2+ in the lower arcs of d¥i 2+ . 



12.2. r (12) + 12 = r5(12). We have rj(12) = (( J \ ) , W 12 , ( & § ) , ( 2 \ f )), 7 _ 1/3 = W 12>i , and 7 _ 1/2 

Wl2-,6- 

Location of the zeros of the Eisenstein series. Since V4 7 1 ^ 1 4 rQ(12)T / l /r i 2i 4 = Tq(12), we have 



(18) 

Furthermore, we have 



E 



-1/3 
fc, 12+12 



(W 12A z) = (6z~2) k E£ 12+12 (z). 



E, 



-1/3 



> M2+ i 2 (-l/2 + V(6tan(0/2))) = (-( e «» - l)/2) fc ^ 12+12 ((e^ - 5)/12), 

£?^ 12 (itaa(fl/2)/3) = (-(e* e + l)/4) fe £;ri 2+ i 2 ((^ - 7)/24), 

^12+12(^7(2^)) = (-(v / 3e ie + 2)) fc ^ 12+12 (e^/(2v / 3)) ) 

where e i8 ' = (4^3 + 7 cos (9 4- isin0)/(7 + 4\/3cos0). On the other hand, recall that E k X J 2 , l2 {z) 
2~ 1 2~ k / 2 E^° l2+ (z) . Moreover, by the transformation with VFi 2j 3 for E k i 2+ , we have 



E 



-1/2 

fe,12+ 



E 



12 (e^- e ")/(2V3)) = (2e ie + s/3) k /(2v% 

12 ((e ie -7)/24) = (V3(l + Vtan(^/2))) fc J B- 1 1 ^ 12 (V(4tan(e/2))) 



-1/2 

fc,12+ 



For k ^ 500, we can prove that all of the zeros of -E£° 12+12 lie on the lower arcs of <9Fi 2+ i 2 by numerical 
calculation. 
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Figure 50. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For every integer to ^ 200 such that 
m ^2,4 (mod 6) but m = 3,6,12,13,15, we can prove that all of the zeros of -Fm, 12+12 he on the 
lower arcs of 9F12+12 by numerical calculation. On the other hand, by numerical calculation, for 
to = 3,6,12,13,15, we can prove that all but two of the zeros of F m> i2+i2 he on the lower arcs of 
<9Fi 2 +i2, and two of the zeros of F m> i2+i2 do not lie on <9Fi 2 +i2- For the other cases where to is to < 200 
such that to = 2,4 (mod 6), by numerical calculation, we can prove that all but one of the zeros of 
F m , 12+12 he on the lower arcs of d¥\2+i2, and one of the zeros of F TO) i2+i2 lies on <9Fi 2 +i2 but does not 
on the lower arcs. 

12.3. r (12) +4. We have r„(12) + 4 = r^r (6)T 1/2 and r (12) + 4 = {-I, (J \) , W 12A , (^?)). 
Furthermore, we have 70 = W12, 7_i/2 = W / i2+. 6 , and 7_i/6 = W\ 2 +,2- 

Location of the zeros of the Eisenstein series. Since W / 1 ^ 1 (r (12) + A)W\ 2 = 6 (r (12) + 

4)FF 12 +, 6 = Wii+ l2 (To(12) + 4)VF 12 +,2 = r (12) + 4, we have 

(2V3zr k El 12+4 (W 12 z) = (V6z + V6/2)- k E-^ 2 +i (W 12+ . 6 z) = (3^z + l/V2)- k E-^%(W 12+ , 2 z) - E% 12+4 (z). 
Furthermore, we have 

<i2+4(-l/2 + */(2tan(6V2))) - ((e <e - I) / (2V3)) k E^ 12+i ((e ie - 1)/12), 
<i 2+4 (-l/3 + e ie '/6) = (-(2e iS l)/V3) fe ££> 12+4 (-l/3 + e"/6), 
Ek'iiUi^" !)/ 12 ) = (( 5e ' W + l)/(2v / 6)) fe F^ 12+4 (( e ie - 1)/12), 
E^i 2 +i (iUn(6/2)/2) = {{e ie + l)/^) fc ^ 12+4 (-l/3 + e"/6), 
^i2+ 4 (-V2 + *tan(0/2)/3) = ((e w + I) / (2V2)) k E% 12+i ((e ie - 1)/12), 
£-^ 4 (i/(6tan(0/2))) = {{e M - l)/V2) k E£ 12+4 {-l/3 + e*/6), 

where e i8 ' = (4 - 5cos6> + 3isin6>)/(5 - 4cost9) and e lS " = (-5- 13cos6» + 12i sin0)/(13 + 5 cos0). 

Now, recall that To(12) + 4 = TF/ 2 To(6) T^- Then, for fc ^ 500, since we can prove that all of the 
zeros of E^ lie on the lower arcs of 8¥q by numerical calculation, we have all of the zeros of E^° 12+4 in 
the lower arcs of <9Fi 2 + 4 . 

Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, for 
to ^ 200, since we can prove that all of the zeros of F m fi lie on the lower arcs of d¥$ by numerical 
calculation, we have all of the zeros of F mj i 2 + 4 in the lower arcs of <9Fi 2 + 4 . 
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E 



-1/2 




E. 



-1/6 




fc,12+4 ' ' " ^fc,12+4 ' 

Figure 51. Location of the zeros of the Eisenstein series 



12.4. r (12) + 3. We have r (12) + 3= ((J }), W 12 , 3 , (i?), (&§)>, .70 = W 12 , and 7 _ 1/2 = W 12 _ >6 . 

Location of the zeros of the Eisenstein series. Since W 7 ^ (rVj (12) + 3)VFi 2 = W 12 _ 6 (r (12) 4 
3)Wi2-,6 = r (12) + 3, we have 

(19) (2V3z)- k El 12+3 (W 12 z) = (2V3z + VS)~ k E^H 3 (W 12 ^ 6 z) = ^ 12+3 («). 

Furthermore, we have 





fc,12+3 



(-l/2 + i/(2tan(0/2))) = ((e i9 - 1) / \2^)) k E? 12+3 ((e ie - 1)/12), 



<i 2+3 (-l/2 + i/(6 tan(0/2))) = (-(e* - l)/2)*25£ 12+3 ((e" - 5)/12), 

< 12 + 3(V2 + e"7(2>/3)) = (-(V3e l9 + l)/2) fe ^ 12+3 (-l/4 + e ie /{AyfZ)), 
<i2 +3 (-V2 + e ^- e 'V(2V3)) = ((e* + V3)/2) fc i^ 12+3 (l/4 + e* e /(4V3)), 
£-^ 3 (itan(0/2)/6) = (( e ie + l)/2) fc ^ 12+3 (( e ^ - 1)/12), 
£-^(itan(0/2)/2) = ((e i9 + l)/(2V3)) fe i^ 12+3 ((e* e - 5)/12), 
^i2 / +3 (^ (7r ^' ) /(2V3)) = + v / 3)/2) fc ^ 12+3 (-l/4 + ^7(4^3)), 
(e"7(2>/3)) = (-(V3e ie + 1)72)^2+3(1/4 + e 4 7(4V3)), 



where e 



E, 



-1/2 , <e 



fe,12+3 



V3 - 2 cos 6» + i sin 0)/(2 + y/3 cos ( 



fc,12+3 



^,1 



2+3 



-1/2 - 
fe,12+3 




Figure 52. Location of the zeros of the Eisenstein series 

Now, recall that E%° 12+3 (z) — _E^° 6+3 (22;). For k < 600, we can prove that all of the zeros of E^ 6+3 lie 
on the lower arcs of 8¥q +3 by numerical calculation, then we have all of the zeros of E^ 12+3 in the lower 
arcs of <9Fi 2+3 . Similarly to To (9), this case is interesting. 

Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of Fin, 12+3 he on the lower arcs of <9Fi 2+3 by numerical calculation. 
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Lower arcs of <9Fi2+3 

Figure 53. Image by J12+3 



12.5. r (12). We have r (12) = (-/, (J {) , (/ 2 ?) , (« §) , ( 2 5 4 J) , ( 2 7 4 ? )), 70 = W12, 7-1/3 - ^12,4, 
7-1/4 = ^12,3, 7-1/2 = Wi 2 _ i6 , and 7_i/ 6 = Wi 2 -,2- 

Location of the zeros of the Eisenstein series. Since W 12 1 (r (12))VFi2 = W-j^ 4 (ro(12))Wi2,4 = 
w ^i2 1 3( r o(12))VKi2,3 = r (12), we have 

(2V3z)- fc ^ 12 (^ 12 z) = (6z - 2Y k El^{W^z) = (4^3z + s/2,)~ k E~%\W 12A z) = E% 12 (z). 
Furthermore, we have 

2#, 12 (-l/2 + i/(2tan(0/2))) = ((e 40 - 1) / (2V3)) k E% 12 ((e ie - 1)/12), 

<i2((e Wl - 5)/12) = (-(5e ie - l)/(4^)) fc 25£ 12 ((e* - 5)/24), 
<i 2 ((^ 2 - 7)/24) = (-(7e ie - l)/(4v/3)) fc E?> 12 ((e i9 - 7)/24), 



<i 2 ((e iei -5)/24) 
5m2 /3 ((^ 3 -5)/24) 

5M2 /3 ((^ 3 - 1)/12) 
£^ 2 /3 (itan(0/2)/3) 



^,x2 3 (-l/2 + J /(6tan(0/2))) = 
S fe J 2 /4 ((e^-5)/24) = 



^M2 4 (-l/2 + *tan(0/2)/4)^ 

i^ 2 /4 (z/(4tan(fl/2))) = 
^i2 /4 ((^ 4 ' - 1)/12) - 
^ 2 /2 ((e^'-7)/24) = 
S fe -l 2 /2 ((e^'-5)/24) = 
EZV 2 \e^' - 1)/12) = 



-1/2 

fe,12 

7.-1/6 
J fe,12 



(itan(0/2)/2) = 
(itan(0/2)/6) = 
^,x2 6 (-l/2 + */(3tan(0/2)))- 



-1/6// „ie 3 ' 



fe,12 



((e 1 * 3 -5)/12) = 



fc,12 



'((e 



7)/24) 



(-(5e ie - l)/(2^)) fc 25£ 12 ((e* - 5)/12), 
(-(3e ie + l)/2)^ 12 ((e«-l)/12), 
((3e i9 + l)/4) fe ^ 12 ((e^-5)/24), 
(-(e ie + l)/4) fe ^ 12 (( e «-7)/24), 
(-(e*-l)/2) fc i5£ 12 ((e*-5)/24), 
((e ie +2)/V3) k E£ 12 ((e id -1)/12), 
(( e je + l)/(2^)) fc ^ 12 (( e ^-5)/24), 
((e ie -l)/(2^)) fe ^ 12 ((e ie -7)/24), 
((e ie -2)/V3) k E^ 12 ((e ie -5)/12), 
((5^ + l)/(2V3)) fc ^ 12 (( e ^-l)/12), 
((7 e je + l)/(4V3)) fe ^ 12 (( e ^-5)/24), 
((5e« + l)/(4^)) fe ^ 12 ((e ie -7)/24), 
((e ie + l)/(2V3)) k E% 12 ((e ie -5)/12), 
(-(e ie + l)/2) k E% 12 ((e ie -l)/12), 
(-(e ie -l)/4) k E£ 12 ((e ie -5)/24), 
(-(3e ie -l)/4) k E^ 12 ((e ie -7)/24), 
(-(3e ie -l)/2) k E? 12 ((e i0 -5)/U), 



where e i01 = (5 - 13 cos 6 + I2i sin 0)/(13 - 5 cos ( 



(-5 - 13 cos 9 + I2i sin 9) /(13 + 5 cos 6), e 



(7-25cos0 + 24isin(9)/(25-7cos0), e 



,o 2 



-7-25cos0 + 24isin(9)/(25 + 7cosl9), e^ 3 = (-3-5cos0 + 
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4isin(9)/(5 + 3cos6>), e i6s ' = (3 - 5 cos0 + Ai sin0)/(5 - 3 cos0), e Wi = (4 + 5 cos0 + 3i sin0)/(5 + 4 cos0), 
and e l8i ' = (-4 + 5cos0 + 3isin0)/(5 - 4cos0). 

Now, recall that E^ 12 (z) — E^ 6 (2z). Then, for k ^ 500, since we can prove that all of the zeros of 
25£° 6 lie on the lower arcs of d¥g by numerical calculation, we have all of the zeros of -E£° 12 in the lower 
arcs of d¥i2. 




Figure 54. Location of the zeros of the Eisenstein series 



Location of the zeros of Hecke type Faber Polynomial. For m ^ 200, we can prove that all of the 
zeros of F m .\i lie on the lower arcs of <9Fi2 by numerical calculation. 



On the zeros of Eisenstein Series for the normalizers of congruence subgroups 



45 



References 

[ACMS] D. Alexander, C. Cummins J. McKay, and C. Simons, Completely replicable functions. In: Groups, combinatorics 
& geometry (M. Liebeck and J. Saxl eds.), 87-98, London Math. Soc. Lecture Note Ser., No. 165, Cambridge Univ. 
Press, Cambridge, 1992. (Proceedings of the L.M.S. Symposium on Groups and Combinatorics, Durham, 1990.) 

[AKN] T. Asai, M. Kaneko, and H. Ninomiya, Zeros of certain modular functions and an application, Comment. Math. 
Univ. St. Paul. 46 (1997), 93-101. 

[BKM] E. Bannai, K. Kojima, and T. Miezaki, On the zeros of Hecke type Faber polynomial, to appear in Kyushu J. Math. 

[CN] J. H. Conway, S. P. Norton, Monstrous moonshine, Bull. London Math. Soc, 11(1979), 308-339. 

[G] J. Gctz, A generalization of a theorem of Rankin and Swinnerton- Dyer on zeros of modular forms, Proc. Amer. 
Math. Soc, 132(2004), No. 8, 2221-2231. 

[H] H. Hahn, On zeros of Eisenstein series for genus zero Fuchsian groups, Proc. Amer. Math. Soc. 135(2007), No. 8, 
2391-2401. 

[Ko] N. Koblitz, Introduction to Elliptic Curves and Modular Forms, Graduate Texts in Mathematics, No. 97, Springcr- 
Verlag, New York, 1984. 

[Kr] A. Krieg, Modular Forms on the Fricke Group., Abh. Math. Sem. Univ. Hamburg, 65(1995), 293-299. 
[MNS] T. Miezaki, H. Nozaki, and J. Shigezumi, On the zeros of Eisenstein series for r,*(2) and Tq(3), J. Math. Soc. 
Japan, 59(2007), 693-706. 

[Q] H. -G. Qucbbcmann, Atkin-Lehner eigenforms and strongly modular lattices, Enseign. Math. (2), 43(1997), No. 1-2, 
55-65. 

[RSD] F. K. C. Rankin, H. P. F. Swinnerton-Dyer, On the zeros of Eisenstein Series, Bull. London Math. Soc, 2(1970), 
169-170. 

[Sc] J. -P. Serre, A Course in Arithmetic, Graduate Texts in Mathematics, No. 7, Springer- Verlag, New York-Heidelberg, 

1973. (Translation of Cours d'arithmetique (French), Presses Univ. France, Paris, 1970.) 
[SG] G. Shimura, On Eisenstein Series, Duke Math. J., 50(1983), No. 2, 417-476. 

[SH] H. Shimizu, Hokei kansu. I-III. (Japanese) [Automorphic functions. I-III], Iwanami Shotcn Kiso Sugaku [Iwanami 
Lectures on Fundamental Mathematics] 8, Iwanami Shoten Publishers, Tokyo, 1977-1978. 

[SJ1] J. Shigezumi, On the zeros of Eisenstein series for rj(p) and To(p) of low levels, M.S. thesis, Kyushu University, 
2006. 

[SJ2] J. Shigezumi, On the zeros of the Eisenstein series for T ( *(5) and T* } (7), Kyushu. J. Math. 61(2007), 527-549. 



